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Factoring for Roots:  
A Technique to Factor
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y=ax2+bx+c
A

s teachers, we constantly tweak our lessons, mak-
ing them more appropriate for our students. I 
considered a new technique for factoring trinomi-
als when I heard questions in class regarding why 
we would multiply a and c as well as statements 

about how unconnected doing so was from the prior strategy 
when a = 1. However, it really hit me when my standards-
referenced quiz scores for factoring and solving quadratic 
equations with a leading coefficient not equal to 1 came in and 
the average score was 69 percent correct. Something needed to 
change.

THE ISSUE
One of the foundational topics in first-year algebra concerns 
the concept of factoring. Students first consider factoring qua-
dratic expressions of the form x2 + bx + c by searching for two 
factors of c whose sum is b. Generally, students can become 
successful with these types of problems and explain the steps 
they are taking. However, the same cannot be said when a 
leading coefficient other than 1 is introduced into the problem. 
More explicitly, factoring ax2 + bx + c with a ≠ 1 (and going 

Justifications, methods, and results compare 
two classes of students who used a new 
technique that ties together procedural 

fluency and conceptual understanding 
in a manner unlike other  

current strategies.
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forward ax2 + bx + c will mean a ≠ 1) proves to be 
much more difficult for students. This is perhaps 
most likely because current textbooks present this 
topic in a completely different fashion from the 
way they approach the situation when a = 1.

We discuss an alternative strategy for factor-
ing quadratics of the form ax2 + bx + c, known as 
factoring for roots. This strategy enables students to 
extend the knowledge they used when the leading 
coefficient was 1 and explain the steps they are tak-
ing in solving. Many other current strategies fail in 
both these endeavors.

THE EASY STAGE
Traditionally, students begin the study of factor-
ing of quadratics by multiplying binomials such 
as (x + 2)(x + 3) and producing an answer of x2 + 
3x + 2x + 6 = x2 + 5x + 6. The final term of 6 was 
found through the product of the original 2 and 
3, whereas the middle term with a coefficient of 5 
was produced by the sum of 2 and 3. Students see 
this connection, and it makes the reverse process of 
producing the factored form of x2 + 7x + 12 straight-
forward as they search for two numbers whose 
product is 12 and whose sum is 7. Upon arriving 

at 3 and 4, they can transform the standard form 
to factored form and write (x + 3)(x + 4). Although 
many teachers are able to rely purely on this alge-
braic demonstration, some use manipulatives, such 
as Algebra Tiles™ or a modified version of algebra 
tiles by constructing an area model (see fig. 1).

However, this concept of factoring quadratics 
when the leading coefficient is 1 has never been the 
biggest problem with factoring in the algebra cur-
riculum. Quadratics with a leading coefficient of 
1 challenge some students’ factoring abilities, but 
expressions with a leading coefficient not equal to 
one tend to frustrate even the most proficient.

PROBLEM: WHEN a ≠ 1 
Factoring expressions of the form ax2 + bx + c is 
noticeably more difficult than factoring x2 + bx + c
because there are multiple strategies to attack this 
new challenge. The lack of consensus in the text-
books’ approaches to the setting only compounds 
this problem. In Algebra 1: A Common Core Cur-
riculum, Larson and Boswell suggest making a table 
to guess and check all the possible factored forms 
based on the factors of a and c until one also pro-
duces the correct value for b (see table 1).

I can already sense the audible groans of frustra-
tion that a teenage student would generate upon 
being presented with this strategy. It is cumber-
some and tedious for students and unfair to teach-
ers asked to present it. Can you imagine explaining 
this strategy to an absent student for a problem 
such as 12x2 – 23x – 24? Such a table would consist 
of 48 rows and 4 • 48 = 192 cells! 

I also know that some teachers discuss the con-
cept of considering all the possibilities for such situ-
ations as 2x2 – 3x – 20 without committing to paper 
and pencil. However, I cannot show all students 
how this mental game plays out because it is done 
strictly in one’s head. I can give them strategies and 
show example after example, but not all students 
have obtained the number sense that is required for 
this mental exercise at this stage of their develop-
ment. Textbooks recognize this, which is why they 
present the table method.

McGraw Hill’s Algebra 1 presents two strate-
gies: (1) the same guess-and-check strategy as above 
and (2) a version of factoring by grouping where 
one splits the middle term by finding two numbers 
whose sum is b and whose product is a • c. Let’s see 
how this strategy works with 4x2 – 23x + 15. We 
need to find two numbers whose sum is –23 (since 
we will be splitting the middle term) and whose 
product is 4 • 15 = 60. The text explains neither 
why this strategy works nor where the idea comes 
from. The two numbers are –20 and –3, and the 
book suggests a version of the worked-out strategy 
shown in figure 2.

Table 1 An Example of All Possible Factored Forms based on 
Factors of a and c Until One Also Produces the Correct Value 
for b for 3x2 + 7x – 26
Factors

of 3
Factors
of –26

Possible
Factorization

Middle 
Term

1, 3 1, –26 (x + 1)(3x – 26) –26x + 3x = –23x No

1, 3 26, –1 (x + 26)(3x – 1) –x + 78x = 77x No

1, 3 –1, 26 (x – 1)(3x + 26) 26x – 3x = 23x No

1, 3 –26, 1 (x – 26)(3x + 1) x – 78x = –77x No

1, 3 2, –13 (x + 2)(3x – 13) –13x + 6x = –7x No

1, 3 13, –2 (x + 13)(3x – 2) –2x + 39x = 37x No

1, 3 –2, 13 (x – 2)(3x + 13) 13x – 6x = 7x Yes

1, 3 –13, 2 (x – 13)(3x + 2) 2x – 39x = –37x No

Adapted from Larson and Boswell 2015, p. 394

Fig. 1 Students can use algebra tiles and an area model representation when multi-

plying binomials, as in this example for x2 + 5x + 6.
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Other versions of this method exist (one well-
known example is called Bottoms Up or Slip-Slide 
Factoring), and I highly recommend Jeffrey Steck-
roth’s (2015) wonderfully informative article on 
Slip-Slide Factoring from a transformational point 
of view. However, these techniques all rely on the 
step where one needs two numbers whose product 
is a • c. The problem is that the justification for this 
method is both extremely involved for a first-year 
algebra student to comprehend and some teachers 
to defend, and it bears little to no resemblance to 
the strategy when a is 1. Alas, in some texts the 
justification is completely absent. Mathematics 
educator John A. Van de Walle and his colleagues 
(2014, p. 1) state:

One hallmark of mathematical understanding 
is a student’s ability to justify why a given 
mathematical claim or answer is true or why 
a mathematical rule makes sense. 

More often than not when procedural fluency 
trumps conceptual understanding, a student’s 
mathematical comprehension is incomplete.

PROCEDURAL FLUENCY AND 
CONCEPTUAL UNDERSTANDING REQUIRED
The NCTM position statement concerning proce-
dural fluency defines it as the—

ability to apply procedures accurately, effi-
ciently, and flexibly; to transfer procedures 
to different problems and contexts; to build 
or modify procedures from other procedures; 
and to recognize when one strategy or pro-
cedure is more appropriate to apply than 
another. 

Unfortunately, once students master a proce-
dural tool without yet acquiring the appropriate 
conceptual understanding to accompany it, they 
have little motivation to seek out justification 
because the tool works (Hiebert 1999). To combat 
this, the authors of Adding It Up (NRC 2001) state 

that conceptual understanding, the “how” and 
“why” the method works, should be present in all 
phases of the procedural teaching. 

Procedural fluency and conceptual understand-
ing form a symbiotic relationship that promotes 
mathematical proficiency. The procedure makes the 
conceptual understanding more efficient and practi-
cal, whereas the conceptual understanding justifies 
the initial usage and possible applications of the 
procedure outside the original realm (Brownell 
1935). In essence, conceptual understanding 
allows students to connect the new procedure to 
prior knowledge. NCTM’s Connections Standard 
(NCTM 2000, p. 64) and Principles to Actions: 
Ensuring Mathematical Success (2014) go even fur-
ther in arguing that for learning to have meaning 
and stand a chance of being remembered, it must be 
built on prior knowledge. 

Unfortunately, current textbook techniques pres-
ent an unjustified tool that fails to build on students’ 
understanding of factoring in the x2 + bx + c setting. 
That is, it lacks a foundation of true prior knowledge 
built on conceptual understanding. The following 
strategy alleviates this situation.

A SOLUTION: FACTORING FOR ROOTS
Consider the expression 2x2 – 5x – 12. We can begin 
by asking students how this is different from when 
we factored expressions of the form x2 – x – 6. Stu-
dents would note that we have a leading coefficient 
not equal to 1. So, how could we make it look like 
the previous scenario that we know how to tackle? 

Factoring ax2 + bx + c

Words To factor quadratic trinomials of the form ax2 + bx + c, one must obtain two integers, m 
and n, with a sum of b and a product of a • c. Finally, rewrite ax2 + bx + c as ax2 + mx + nx 
+ c and factor by grouping.

Example 4x2 – 23x + 15 = 4x2 – 20x – 3x + 15 (Note: m = –20 and n = –3)

 = 4x(x – 5) – 3(x – 5)

 = (4x – 3)(x – 5) 

Fig. 2 Factoring a quadratic expression by grouping can be perplexing if no justification for the first step is discussed 

(adapted from Carter et al. 2010, p. 510).

Factoring expressions with a 
leading coefficient not equal 
to one tend to frustrate 
even the most proficient. 



532  MATHEMATICS TEACHER | Vol. 111, No. 7 • May 2018

We could factor out a 2, and now we are at 2(x2 – 5
x/2 – 12/2).

We know how to address this because the lead-
ing coefficient inside the parentheses is now 1. We 
need two numbers whose product is –12/2 and 
whose sum is –5/2. If they have a sum of –5/2, we 
know that in factored form, it will look like 
2(x + ?/2)(x – ?/2).

However, when we do so, it becomes apparent 
that these halves will produce fourths when we 
reconstruct c, so we rewrite c as –24/4 and get 
2(x2 – 5 x/2 – 24/4).

Since we have addressed the denominators, we 
need consider only the numerators. Therefore, we 
simply need two numbers whose product is –24 
and whose sum is –5. These would be 3 and –8, so 
our factored form must be the following:

2(x + 3/2)(x – 8/2)
(2x + 3)(x – 4)

This process makes clear why we would mul-
tiply a and c, which is to acquire the appropriate 
denominator. As with other methods, students will 
still be required to find two numbers whose sum is 
b and whose product is a • c, for that is at the heart 
of the interconnection between multiplying binomi-
als and factoring trinomials. What necessitates a 
search for the product a • c is now evident. Because 
initially this may be a handful for a first-year alge-
bra student, it might be wise to use the area model 
strategy (see fig. 3). Particularly when working 
with equations and not just expressions, I would 

(b)

Fig. 4 Examples of student work as they use the Factoring for Roots method show 

that they understand the process both procedurally and conceptually.
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Fig. 3 Using an area model to factor a quadratic with fractions helps students keep 

ideas organized.
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not require my students to simplify from  
y = 2(x + 3/2)(x – 4) to y = (2x + 3)(x – 4).

We certainly discuss this simplification because 
students will never see anyone leave it as the for-
mer, but we also discuss why we care about factor-
ing in the first place, which is to find x-intercepts. 
At this point in the year, my students have already 
solved such equations as 0 = x2 – 6x + 8 by factor-
ing, and they have graphed y = x2 – 6x + 8 by factor-
ing first to find the roots and then using the sym-
metry of the parabola to find its vertex. They know 
we factor an equation to find its roots, so the form 
y = 2(x + 3/2)(x – 4) makes it easier to find them.

To further show the advantages of this method, 
we consider the problem posed earlier, y = 12x2 – 
23x – 24, which would require 48 rows and 192 
cells through the guess-and-check method of some 
current textbooks. First, factor out the 12, and then 
adjust the final term:

y = 12(x2 – 23x/12 – 24/12)
y = 12(x2 – 23x/12 – 288/144)

Now, with the denominators accounted for, pro-
duce two numbers whose product is –288 and 
whose sum is –23. One might begin with combina-
tions –144 and 2, –72 and 4, –48 and 6, and –36 
and 8 but find that all are too far apart (actually, 
realizing they need to sum to –23 would eliminate 
some of these earlier choices for proficient stu-
dents). The last option of –36 and 8 sums to –28, so 
it is close. Next, try –32 and 9 and find success: 

y = 12(x – 32/12)(x + 9/12)
y = 12(x – 8/3)(x + 3/4)

The roots of the quadratic equation are thus 8/3 
and –3/4. If desired, one could break 12 into 3 • 4 
and distribute the 3 through the first parentheses 
and the 4 through the second to arrive at y = (3x – 
8)(4x + 3).

DID I SEE IMPROVEMENT?
Before implementing the factoring for roots strat-
egy, my students articulated that they struggled 

Table 2 Factoring a Quadratic Expression by Using Fractions to 
Find the Roots.
Step Description Algebraic Steps

1 Consider a quadratic expres-
sion ax2 + bx + c.

4x2 – 8x – 5

2 Factor out the leading coef-
ficient, a, and do not simplify 
fractions for the middle and 
final terms.

4(x2 – 8/4x – 5/4)

3 For the expression in paren-
theses, rewrite its final term to 
an equivalent fraction by mul-
tiplying it by a/a.

4 x2 − 8
4
x − 5

4
i
4
4

⎛
⎝⎜

⎞
⎠⎟

= 4 x2 − 8
4
x − 20

16

⎛
⎝⎜

⎞
⎠⎟

4 Having accounted for the 
denominators, we need only to 
consider the numerators. Find 
two numbers whose sum is b 
and whose product is a • c.

For this, we need two numbers 
whose sum is –8 and product 
is –20 since the sum of fourths 
is still fourths but the product 
of fourths is sixteenths. Our 
numbers are 2 and –10.

5 Rewrite in factored form, 
with denominators of a for the 
two numbers found in step 4. 
Also, simplify fractions where 
possible.

4(x + 2/4)(x – 10/4)

4(x +1/2)(x – 5/2)

6 *Optional: If desired, distrib-
ute your leading coefficient to 
eliminate fractions in the fac-
tored form.

2 • 2(x +1/2)(x – 5/2)
2(x +1/2) • 2(x – 5/2)
(2x +1)(2x – 5)

with the fact that two seemingly identical scenarios, 
factoring when a is or is not 1, would have such 
different approaches. This case-by-case analysis left 
them frustrated, and their average quiz score of 69 
percent (sample size of 38 and standard deviation 
of 28.5) on this skill reflected their exasperation.

The next spring, I introduced the technique of 
factoring for roots. Using the same questions as the 
previous year with no other additional supports, 
the quiz scores had an average of 83 percent (with a 
sample size of 41 and a standard deviation of 21.2). 
I knew I was on to something. I could see students’ 
work support the steps they were taking (see  
fig. 4). There were no leaps of faith; their math-
ematics built on a solid foundation of prior knowl-
edge and conceptual understanding. 

EXPANDING OLD KNOWLEDGE TO 
CREATE NEW KNOWLEDGE
Factoring for roots (see the steps in table 2) allows 
students to use the same strategy as when factoring 
x2 + bx + c. This reutilization of prior knowledge 
reinforces the concept that mathematics is not a set 
of disconnected topics but rather interconnected 
ideas reinforced by one another. Students find it 
especially illuminating when we discuss how this 

Their mathematics was 
built on a solid  
foundation of prior  
knowedge and 
conceptual 
understanding. 
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new strategy directly transforms to the old strategy 
in the case when a • c = c since a = 1.

A tangential benefit is that the new method 
allows students an opportunity to practice and 
refine arithmetic with fractions. This is important 
because, according to Siegler and his colleagues 
(2012), the ability to achieve competency in frac-
tion multiplication and division is the number one 
predictor of high school mathematics achievement, 
even after controlling for factors such as overall 
intellectual ability, working memory, and socioeco-
nomic status.

One might argue that Siegler and his colleagues 
predict achievement of high school students—and 
my students are already in high school. Those 
students who arrive not completely proficient in 
fraction arithmetic might make some serious gains 
by employing the factoring for roots strategy. Using 
fraction arithmetic as a fundamental tool to arrive 
at a more cognitively demanding mathematical 
abstraction may help them. Cognitive scientist 
Willingham states that students are more likely 
to remember concepts used to arrive at novel and 
more complex ideas than if the concept itself is the 
final learning outcome (2009).

Finally, factoring for roots does not leave itself 
vulnerable to a student using it without fully com-
prehending the mathematics behind the technique. 

 
 

This is because factoring for roots requires cor-
rectly manipulating fractions. In this manner, it ties 
procedural fluency and conceptual understanding 
together in such a way that students find the factor-
ing for roots method useful and enlightening. Com-
pared with other techniques, factoring for roots is 
superior in three ways:

1. It builds on previous knowledge. 
2. It is conceptually based.
3. It avoids case-by-case analysis. 

Instead of mathematics being a disconnected set of 
procedures, this method attempts to combine two 
ideas that come from the same concept, factoring, 
whereas other textbooks and strategies push them 
further apart. 
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It ties procedural fluency and
conceptual understanding together 

in such a way that students find 
the factoring for roots method 

useful and enlightening. 


